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Finding classes of delta-matroids closed under handle slides
Re´mi Cocou Avohou
Abstract. In this work, we study the operations of handle slides introduced recently for delta-
matroids by Iain Moffatt and Eunice Mphako-Banda. We then prove that the class of binary
delta-matroids is the only class of delta-matroids closed under handle slides.
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1. Introduction
Introduced in 1935 as a generalization of graphs and linear independence in vector spaces
[7], matroids are important combinatorial structures. There are several approaches for studying
matroids. Among those, we will be interested in the approach emphasizing bases, [5] : here a
matroid is defined as a set systemM = (V,B), where V is called the ground set ofM and B ⊂ P(V )
the base set of M satisfying the following exchange axiom: For B,B′ ∈ B and x ∈ B − B′, there
exists y ∈ B′ −B such that B∆{x, y} ∈ B.
Delta-matroids constitute an interesting generalization of matroids and have been introduced
relatively recently [4]. The main idea in this setting is to replace the differences in the previous
axiom by symmetric differences and the resulting axiom is called the symmetric exchange axiom.
Many of the nice properties associated with matroids extend to delta-matroids. In particular,
the connection between delta-matroids and embedded graphs generalizes the classical connection
between matroids and abstract graphs.
There is another combinatorial notion that relates to delta-matroids and that we will discuss
hereafter. Ribbon graphs arise naturally as neighborhoods of graphs embedded in surfaces [1]. In
[6], a particular operation on ribbon graphs called “handle slide” which “slides” the end of one
edge over an edge adjacent to it in the cyclic order at a vertex has been extended to the class of
delta-matroid. The same paper proves that the class of binary delta-matroid is stable under handle
slides. Then the authors of that reference asked a question: “What classes of delta-matroids are
closed under handle slides?”
The goal of this work is to answer this question.
R. C. A. was supported by ISF Grant 1050/16.
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The paper is structured as follows. Section 2 sets up our definitions of delta-matroid and the
handle slide operation. Section 3 investigates if there are other classes of delta matroid stable
under handle slides. Theorem 1 finally gives a negative answer to that question.
2. Delta-matroids and the handle slide operations
In this section, we give a quick review of some important results related to delta-matroids and
handle slide operations [2, 3].
Definition 1 (Delta-matroid). A delta-matroid D = (E,F) is a finite set E called ground
set together with a nonempty collection of subsets of the ground set, F called feasible set, that
satisfies the symmetric exchange axiom i.e ∀F1, F2 ∈ F
x ∈ F1∆F2 ⇒ ∃y ∈ F1∆F2, F1∆{x, y} ∈ F .
A set system is a pair (E,F) of a finite set E together with a nonempty collection F of subsets
of E and a delta-matroid is a set system satisfying the symmetric exchange axiom.
Consider a symmetric binary matrix A = (avw : v, w ∈ E). Let A[W ] = (avw : v, w ∈ W ) for
W ⊆ E under the convention that A[∅] has an inverse, D(A) = (E, {W : A[W ] has an inverse})
is a delta-matroid.
Definition 2 (Twist). Let D = (E,F) be a set system. For A ⊆ E, the twist of D with
respect to A, denoted by D⋆A is given by (E, {A∆X |X ∈ F}). The dual of D written D∗ is equal
to D ⋆ E.
Definition 3 (Binary delta-matroid). A delta-matroid D = D(E,F) is said to be binary if
there exists F ∈ F and a symmetric binary matrix A such that D = D(A) ⋆ F .
Definition 4 (Handle slides [6]). Let D = (E,F) be a set system, and a, b ∈ E with a 6= b.
We define Dab to be the set system (E,Fab) where
Fab = F∆
{
X ∪ a|X ∪ b ∈ F and X ⊆ E − {a, b}
}
.
We call the move taking D to Dab a handle slide taking a over b.
Example 1. Here are a few specific examples for binary delta-matroids. If A is the adjacency
matrix of a simple graph, then singleton sets are not feasible. For example, let
A =


0 1 0 0
1 0 1 1
0 1 0 1
0 1 1 0

 .
The vertices of the graph in Figure 1 should be labeled so that vertex 1 is the vertex of degree 1
in the figure, vertex 2 is the vertex of degree 3, vertices 3 and 4 are the two vertices of degree 2.
Then vertex i corresponds to row/column i of A.
 
 
 
 
 
⑤ ⑤
⑤ ⑤
Figure 1. The graph of adjacency matrix A.
The invertible submatrices of A correspond to the feasible sets
F = {∅, {1, 2}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3, 4}}.
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Here are some edge slides:
F12 = {∅, {1, 2}, {2, 3}, {1, 3}, {1, 4}, {2, 4}, {1, 2, 3, 4}},
F21 = {∅, {1, 2}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3, 4}},
F23 = {∅, {1, 2}, {2, 3}, {3, 4}, {1, 2, 3, 4}},
F32 = {∅, {1, 2}, {2, 3}, {1, 3}, {2, 4}, {1, 2, 3, 4}}.
If a delta-matroid D = (E,F) belongs to a class of delta-matroids closed under handle slides
then for any a, b ∈ E, Dab is a delta-matroid and belongs to the same class. As consequence, if
Dab is not a delta-matroid, this class can not exist. In general
Definition 5 (Stable under handle slides). Consider a (non-binary) delta-matroid D =
(E,F). We say that D belongs to a class of (non-binary) delta-matroids closed or stable un-
der handle slides if and only if for a sequence of handles slides, (· · · ((Da1b1)a2b2) · · · )anbn is a
delta-matroid and belongs to the same class for any a1, b1, · · · , an, bn ∈ E with ai 6= bi, i = 1, · · ·n.
A necessary condition for D to belong to a class of delta-matroids closed under handle slides
is that for any a1, b1, · · · , an, bn ∈ E, the set system (· · · ((Da1b1)a1b2) · · · )anbn is a delta-matroid.
Definition 6 (Elementary minors). Let D = (E,F) be a delta-matroid. The elementary
minors of D at e ∈ E, are the delta-matroids D − e and D/e defined by:
D − e =
(
E − e,
{
F |F ⊆ E − e, F ∈ F
})
,
D/e =
(
E − e,
{
F |F ⊆ E − e, F ∪ e ∈ F
})
.
The delta-matroid D − e is called the deletion of D along e, and D/e the contraction of D along
e.
A minor of a delta-matroid D is obtained from D by a sequence of deletions and contractions.
Proposition 1 (Bouchet [5]). If D is a binary delta-matroid, then every elementary minor
of D is also a binary delta-matroid.
Proposition 2 (Bouchet and Duchamp [2]). A delta-matroid is binary if it has no minor
isomorphic to a twist of S1, S2, S3, S4, or S5, where
S1 =
(
{1, 2, 3},
{
∅, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}
})
,
S2 =
(
{1, 2, 3},
{
∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}
})
,
S3 =
(
{1, 2, 3},
{
∅, {2}, {3}, {1, 2}, {1, 3}, {1, 2, 3}
})
,
S4 =
(
{1, 2, 3, 4},
{
∅, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}
})
,
S5 =
(
{1, 2, 3, 4},
{
∅, {1, 2}, {1, 4}, {2, 3}, {3, 4}, {1, 2, 3, 4}
})
. (1)
3. Finding classes of delta-matroids closed under handle slides
This section investigates possible sub-classe(s) of non-binary delta-matroids closed under han-
dle slides.
Proposition 3. None of the minimal non-binary delta-matroids S1, S2, S3 or S5 belongs to
a class of delta-matroids stable under handle slides.
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Proof. The proof of this lemma is direct by computing some handle slides of the delta-
matroids S1, S2, S3, S4 and S5. Let us compute (S1)12, (S2)12, (S3)23, (S4)12 and (S5)13. We
obtain
(S1)12 =
(
{1, 2, 3},
{
∅, {1, 2}, {2, 3}, {1, 2, 3}
})
,
(S2)12 =
(
{1, 2, 3},
{
∅, {2}, {3}, {1, 2}, {2, 3}
})
,
(S3)23 =
(
{1, 2, 3},
{
∅, {3}, {1, 3}, {1, 2, 3}
})
,
(S4)12 =
(
{1, 2, 3, 4},
{
∅, {1, 2}, {2, 3}, {2, 4}, {3, 4}
})
,
(S5)13 =
(
{1, 2, 3, 4},
{
∅, {2, 3}, {3, 4}, {1, 2, 3, 4}
})
, (2)
which are not delta-matroids. The reason for this is that the symmetric exchange axiom is not
satisfied for any of them. In conclusion, S1, S2, S3, S4 and S5 do not belong to a class of
delta-matroids stable under handle slides. 
Proposition 4. Let D = (E,F) be a delta-matroid and a, b ∈ E (a 6= b).
i If Dab is a delta-matroid, then for any e ∈ E − {a, b}, Dab − e and Dab/e are also
delta-matroids and
Dab − e = (D − e)ab, Dab/e = (D/e)ab. (3)
ii Let a1, b1, · · · , an, bn ∈ E. If the set system (· · · ((Da1b1)a2b2) · · · )anbn is a delta-matroid
then (· · · (((D − e)a1b1)a2b2) · · · )anbn and (· · · (((D/e)a1b1)a2b2) · · · )anbn are also delta-
matroids and, in general, for every minor T of D, (· · · ((Ta1b1)a2b2) · · · )anbn is a delta-
matroid.
Proof. Let us prove item i. The first assertion is a definition and the delta-matroids Dab− e
and Dab/e are defined by:
Dab − e = (E − e,Fa,b − e), Dab/e = (E − e,Fa,b/e),
with Fa,b− e = {F |F ⊆ E− e, F ∈ Fa,b} and Fa,b/e = {F − e|e ∈ F, F ∈ Fab}. We need to prove
that Fa,b− e = (F − e)a,b and Fa,b/e = (F/e)a,b where (F − e)a,b and (F/e)a,b are the feasible of
(D − e)ab and (D/e)ab respectively. We have:
Fa,b − e =
{
F |F ⊆ E − e, F ∈ F∆
{
X ∪ a|X ∪ b ∈ F and X ⊆ E − {a, b}
}}
,
=
{
F |F ⊆ E − e, F ∈ F
}
∆
{
X ∪ a|X ∪ b ∈ F and X ⊆ E − {e, a, b}
}
= (F − e)a,b, (4)
and
Fa,b/e =
{
F |F ⊆ E − e, F ∪ e ∈ F∆
{
X ∪ a|X ∪ b ∈ F and X ⊆ E − {a, b}
}}
,
=
{
F |F ⊆ E − e, F ∪ e ∈ F
}
∆
{
X ∪ a|X ∪ b ∈ F and X ⊆ E − {e, a, b}
}
= (F/e)a,b. (5)
Item i follows.
We now concentrate on item ii. From Definition 5, the delta-matroid D belongs to a class
of delta-matroids closed under handle slides if and only if for a sequence of handles slides,
(· · · ((Da1b1)a1b2) · · · )anbn is a delta-matroid for any a1, b1, · · · , an, bn ∈ E and belongs to the
same class. From item i, we have (· · · (((D − e)a1b1)a1b2) · · · )anbn = (· · · ((Da1b1)a1b2) · · · )anbn − e
and (· · · (((D/e)a1b1)a1b2) · · · )anbn = (· · · ((Da1b1)a1b2) · · · )anbn/e. From this and the definition of
a minor, (· · · ((Da1b1)a1b2) · · · )anbn is a delta-matroid. The result follows. 
Theorem 1. The only class of delta-matroids closed under handle slides is the class of binary
delta-matroids.
Proof. We already know that the set of binary delta-matroids is closed under handle slides.
Let D = (E,F) be a non-binary delta-matroid. If D is minimal, Proposition 3 claims that D does
not belong to any class of delta-matroids closed under handle slides. Otherwise, from Proposition
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2, D has at least one minor T isomorphic to a twist of Si, i = 1, · · · , 5. The fact that (Si)ab is
not a delta matroid does not imply necessarily that (Si ⋆A)ab is not a delta-matroid. As example
(S2 ⋆ {1})12 =
(
{1, 2, 3},
{
∅, {1, 2}, {1, 3}, {2}, {3}, {1, 2, 3}
})
is a delta-matroid but (S2)12 is not.
We then need to study all the possible cases:
• Assume that T is isomorphic to a twist of S1 i.e T ∼= S1 ⋆ A with A = ∅, {1}, {2}, {3},
{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}. One has
(S1)12 =
(
{1, 2, 3},
{
∅, {1, 2}, {2, 3}, {1, 2, 3}
})
,
(S1 ⋆ {1})12 =
(
{1, 2, 3},
{
{2}, {3}, {1, 2, 3}, {1, 3}, {2, 3}
})
,
(S1 ⋆ {2})12 =
(
{1, 2, 3},
{
{2}, {3}, {1, 2, 3}, {1, 3}
})
,
(S1 ⋆ {1, 3})12 =
(
{1, 2, 3},
{
∅, {1}, {2}, {1, 2}, {2, 3}
})
,
(S1 ⋆ {2, 3})12 =
(
{1, 2, 3},
{
∅, {1}, {1, 2}, {2, 3}
})
,
(S1 ⋆ {1, 2})21 = (S1)12 ⋆ {1, 2},
(S1 ⋆ {3})12 = (S1)12 ⋆ {3},
(S1 ⋆ {1, 2, 3})21 = (S1)12 ⋆ {1, 2, 3}. (6)
None of the sets system in (6) is a delta-matroid then from Proposition 4, T ∼= S1⋆A, A ⊆ {1, 2, 3}
does not belong to any class of delta-matroids stable under handle slides.
• Let T be isomorphic to a twist of S2 i.e T ∼= S2 ⋆A with A = ∅, {1}, {2}, {3}, {1, 2}, {1, 3},
{2, 3}, {1, 2, 3}. Remark that (S2)ab (a 6= b) is not a delta-matroid for any a, b = 1, 2, 3 (a 6= b)
and then
(S2)12 =
(
{1, 2, 3},
{
∅, {1}, {2}, {3}, {1, 2}, {2, 3}
})
,
(S2 ⋆ {1})23 = (S2)23 ⋆ {1},
(S2 ⋆ {2})13 = (S2)13 ⋆ {2},
(S2 ⋆ {3})12 = (S2)12 ⋆ {3},
(S2 ⋆ {1, 2})21 = (S2)12 ⋆ {1, 2},
((S2 ⋆ {1, 3})23)12 =
(
{1, 2, 3},
{
∅, {2}, {3}, {2, 3}, {1, 2, 3}
})
= ((S2 ⋆ {2, 3})13)12,
(S2 ⋆ {1, 2, 3})21 = (S2)12 ⋆ {1, 2, 3}. (7)
The sets system in (7) are not delta-matroids then from Proposition 4, S2 ⋆ A, A ⊆ {1, 2, 3} does
not belong to any class of delta-matroids closed under handle slides and the same holds for T .
• We now assume that T is isomorphic to a twist of S3 i.e T ∼= S3 ⋆ A with A = ∅, {1}, {2},
{3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}.
(S3)23 =
(
{1, 2, 3},
{
∅, {3}, {1, 3}, {1, 2, 3}
})
,
(S3 ⋆ {1})23 = (S3)23 ⋆ {1},
(S3 ⋆ {2})12 =
(
{1, 2, 3},
{
∅, {2}, {2, 3}, {1, 2, 3}
})
,
(S3 ⋆ {3})13 =
(
{1, 2, 3},
{
∅, {3}, {2, 3}, {1, 2, 3}
})
,
(S3 ⋆ {1, 2})13 = (S3 ⋆ {3})13,
(S3 ⋆ {1, 3})12 = (S3 ⋆ {2})12,
(S3 ⋆ {2, 3})32 = (S3)23 ⋆ {2, 3},
(S3 ⋆ {1, 2, 3})23 = (S3)23 ⋆ {1, 2, 3}. (8)
In equation (8), none of the sets system is a delta-matroids then from Proposition 4, S3 ⋆ A,
A ⊆ {1, 2, 3} does not belong to a class of delta-matroids closed under handle slides and the same
holds for T .
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• Suppose that T is isomorphic to a twist of S4 i.e T ∼= S4 ⋆A with A = ∅, {1}, {2}, {3}, {4},
{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}. Remark
that (S4)ab (a 6= b) is not a delta-matroid for any a, b = 1, 2, 3, 4 (a 6= b) and
(S4 ⋆ A)ab = (S4)ab ⋆ A, (9)
for a, b /∈ A and for a, b ∈ A,
(S4 ⋆ A)ba = (S4)ab ⋆ A. (10)
Having these with Proposition 4 implies that S4 ⋆A, A ⊆ {1, 2, 3, 4} does not belong to a class
of delta-matroids closed under handle slides and the same holds for T .
Then from Proposition 4, T does not belong to any class of delta-matroids closed under handle
slides and the result follows.
• We now study the lat case where T is isomorphic to a twist of S5 i.e T ∼= S5 ⋆A with A = ∅,
{1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4},
{1, 2, 3, 4}. One has
(S5)13 =
(
{1, 2, 3, 4},
{
∅, {2, 3}, {3, 4}, {1, 2, 3, 4}
})
,
(S5)24 =
(
{1, 2, 3, 4},
{
∅, {1, 4}, {3, 4}, {1, 2, 3, 4}
}
),
(S5 ⋆ {1, 2})14 =
(
{1, 2, 3, 4},
{
∅, {2, 4}, {3, 4}, {1, 2, 3, 4}
})
= (S5 ⋆ {3, 4})14,
(S5 ⋆ {1, 4})12 =
(
{1, 2, 3},
{
∅, {2, 4}, {2, 3}, {1, 2, 3, 4}
})
= (S5 ⋆ {2, 3})12. (11)
The sets system in (11) are not delta-matroids and for A ⊂ {1, 2, 3, 4} with A 6= {1, 2}, {1, 4},
{2, 3}, {3, 4}, else A contains none of the pairs {1, 3} and {2, 4} or contains one of them. Using
the relations
(S5 ⋆ A)ab = (S5)ab ⋆ A, (12)
for a, b /∈ A and
(S5 ⋆ A)ba = (S5)ab ⋆ A, (13)
for a, b ∈ A, with Proposition 4, S5⋆A, A ⊆ {1, 2, 3, 4} does not belong to a class of delta-matroids
closed under handle slides and the same holds for T .
In conclusion, the minor T of D does not belong to any class of delta-matroids stable under
handle slides. This ends the proof of the theorem. 
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